Abstract. We consider geometries on the space of Riemannian metrics conformally equivalent to the widely studied Ebin L 2 metric. Among these we characterize a distinguished metric that can be regarded as a generalization of Calabi's metric on the space of Kähler metrics to the space of Riemannian metrics, and we study its geometry in detail. Unlike the Ebin metric, the geodesic equation involves non-local terms, and we solve it explicitly by using a constant of the motion. We then determine its completion, which gives the first example of a metric on the space of Riemannian metrics whose completion is strictly smaller than that of the Ebin metric.
Introduction
Let M be an n-dimensional compact closed manifold, and consider the infinitedimensional space M of all smooth Riemannian metrics on M . The space M is endowed with a natural L 2 -type Riemannian structure, the Ebin metric [15] ,
where g ∈ M, h, k ∈ T g M, T g M may be identified with the space Γ(S 2 T * M ) of smooth symmetric (0,2)-tensor fields on M , and g −1 h represents the (1, 1)-tensor dual to h with respect to g. This metric has received much attention since being introduced in the 1960s, see, e.g., [18, 19, 8, 12] , and has found various applications, for example in the Weil-Petersson geometry of moduli spaces of Riemann surfaces [17, 25] and in the study of the moduli space M/Diff(M ) of Riemannian structures (e.g., [15, 16, 3] ). A related pseudo-Riemannian metric, the DeWitt metric [14, 23] , has been used in the Hamiltonian formulation of general relativity. Recently, the metric completion of M E of (M, g E ) has been determined [10] , and it was shown by means of examples that convergence in M E is too weak to control any geometric quantities or to imply geometric convergence of any sort (e.g., GromovHausdorff convergence) [11] . Therefore, it seems natural to look for other metrics on M with the property that their metric completions are stricly contained in M E . In other words, metrics for which certain types of degenerations are excluded along convergent sequences. One purpose of this article is to take a first step in this direction by studying conformal deformations of the Ebin metric in the search for metrics with this and other distinguished properties.
Our first observation (Proposition 3.1) is that there is a distinguished metric in the conformal class characterized by the property that the tautological vector field X| g = g on M is parallel. This metric, which we call the generalized Calabi metric (or sometimes the normalized Ebin metric), is given by
where V g := Vol(M, g) is the volume function on M. We then restrict attention to conformal factors that depend on the volume, i.e., metrics on M of the form e 2f (Vg ) g E , with f a smooth function on R >0 , and mostly to the metrics g p := g E /V p , which serve as the basic models within this family, as they capture the possible degenerations of manifolds in terms of either volume collapse or blow-up. By studying this family of metrics, we then show that g N has the smallest metric completion (Theorem 5.3), and in particular one that is smaller than that of the Ebin metric. This provides the first example of an L 2 -type metric on M whose metric completion is strictly smaller than that of the Ebin metric. An additional motivation for introducting g N comes from the study of the subspace of Kähler metrics H ⊂ M in a fixed Kähler class (when M admits a Kähler structure). In our previous work [13] , we studied the intrinsic and extrinsic geometry of H in M. We observed that the Ebin metric induces the so-called Calabi geometry on H, and that this embedding is as far from being totally geodesic as possible. It then seems natural to ask whether there exists a metric on M that still induces the Calabi geometry on H but with the property that H is totally geodesic. As before, it is natural to restrict to conformal deformations depending on the volume, this time since the volume is an invariant of the Kähler class, and so any such metric will induce the Calabi geometry on H. We then show that to the extent possible, g N is the unique metric with the aforementioned property. In particular, H is totally geodesic in the case that M is a Riemann surface. In general H is not totally geodesic, but by the Calabi-Yau Theorem it is isometric to the "Riemannian Kähler spaces" Pg ∩ M v , consisting of metrics of fixed volume in a fixed conformal class, which are totally geodesic in (M, g N ) (Corollary 4.4).
One further possible application of the metric g N is to the Ricci flow. Recently, we showed that in the Kähler setting there is a connection between the existence of Einstein metrics, the smooth convergence of the normalized Ricci flow, and the metric geometry of (M, g E ). Namely, a Kähler-Einstein metric exists on a Fano manifold if and only if the Kähler-Ricci flow converges in the metric completion of (M, g E ), and in particular if and only if the flow path has finite length [13] . It would be very interesting to find analogous results for other classes of Riemannian manifolds, perhaps ones for which the singularities of the Ricci flow can be understood fairly well. In studying this problem, it might prove useful to use the metric g N , for which the the submanifold M v ⊂ M of metrics of fixed volume v-which is preserved by the normalized Ricci flow-is also totally geodesic (Corollary 3.3).
Motivated by these and possible other applications of the metric g N to geometric problems, we thus study the geometry of (M, g N ) in detail. Under the conformal change, the geodesic equation becomes substantially more difficult since it contains non-local terms involving integation over the whole manifold. The solution is obtained in several steps, building upon the work of Freed-Groisser for g E [18] . A key extra ingredient here is an invariant of the g N -geodesic flow, or a 'constant of motion' (Corollary 3.2). The solution of the geodesic equation (Theorem 4.1) gives a precise sense to how geodesics in (M, g N ) generalize those discovered by Calabi [4, 5] for the subspace of Kähler metrics, which in turn bear several similarities with constrained geodesics of the Wasserstein metric in optimal transportation [7] (cf. [13] ). We also compute the curvature of g N and compare it to that of the metrics g p ( §3.2).
Finally, it should be noted that "weighted" L 2 type metrics were also studied by several authors on the space of simple closed curves in R 2 (see [20, 22, 24] and references therein), and this can also be seen as another motivation for our study. Moreover, very recently, while the present article was being prepared, Bauer-HarmsMichor [2] have written down the geodesic equation for metrics conformal to g E on M, as well as much more general Sobolev-type metrics and metrics weighted by the scalar curvature function. Their main result is that for some of these metrics the exponential mapping is a local diffeomorphism. In this article, we go into greater depth for a smaller class of metrics by solving the geodesic equation, computing the curvature, estimating the distance function, and determining the metric completion.
The article is organized as follows. In Section 2, we briefly review the relevant preliminaries about M. In Section 3, we discuss general conformal changes, mostly focusing on those involving functions of the volume. For the model metrics g p we compute the curvature as well as find an invariant (or 'constant of motion') of the geodesic flow. Section 4 contains the solution of the initial value problem for g N -geodesics, making use of the invariant of the geodesic flow. In Section 5, we study the distance functions of g p and determine their metric completions. Some of the technical facts needed in this analysis are proven in an Appendix. Section 6 concludes with some further remarks and a few open questions.
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Preliminaries
Since the preliminaries relevant to our results are covered in detail in [15, 18, 19] , we will simply briefly summarize what we need in this section.
The manifold of metrics, M, is easily seen to be an open cone in the Fréchet space Γ(S 2 T * M ) of smooth, symmetric (0, 2)-tensors on the finite-dimensional, compact manifold M . As such, it is endowed with the structure of a Fréchet manifold, and its tangent space at g ∈ M is canonically identified with Γ(S 2 T * M ).
The Ebin metric, defined in (1), is a smooth Riemannian metric. It is, however, a weak metric, meaning that the tangent spaces of M are incomplete with respect to the scalar product induced on them by the Ebin metric. For weak Riemannian metrics, the existence of the Levi-Civita connection is not guaranteed by any general results. Nevertheless, the Ebin metric has a Levi-Civita connection which can be directly computed. Geodesics and curvature may also be directly computed. The Riemannian curvature of (M, g E ) is nonpositive, and the exponential mapping at any point g ∈ M is a real-analytic diffeomorphism from an open neighborhood of zero in T g M to an open neighborhood of g in M. (Both of these neighborhoods are taken in the C ∞ topology.)
With respect to g E , we may orthogonally decompose the tangent space T g M into the subspaces of traceless (satisfying tr(g −1 h) = 0) and pure-trace (satisfying h = ρg for some ρ ∈ C ∞ (M )) tensor fields. Corresponding to this decomposition is a product manifold structure for M. Denote by V the space of all smooth, positive volume forms on M ; it is an open cone in Ω n (M ), the space of smooth top-degree forms. For any g ∈ M we denote by dV g its induced volume form. Then for any µ ∈ V, with M µ := {g ∈ M : dV g = µ} ⊂ M, there is a diffeomorphism
That is, i µ maps (ν, h) to the unique metric conformal to h with volume form ν. Thus M ∼ = V × M µ , and one sees that (i µ ) * (T V) is the subbundle of T M consisting of pure-trace tensor fields, while a tangent space to the submanifold M µ is identified with the subspace of traceless tensor fields. An identity that will be repeatedly used below is that the differential of the map
Conformal deformations of the Ebin metric
Let f : M → R be a twice continuously differentiable function, and consider the metric on M,
conformal to the Ebin metric. The purpose of this section is to characterize two metrics in the conformal class of g E . One metric, the generalized Calabi metric
, is characterized by its Levi-Civita connection (Proposition 3.1), and the other, the second Ebin metric g 2 = g E /V 2 , by its curvature tensor (Proposition 3.6).
We then restrict to the model metrics
for some integer p. We find invariants for their geodesic flows that will be important later in integrating the geodesic equation (Corollary 3.2 and Lemma 3.4), compute their curvature ( §3.2), and describe a natural duality map on M that is a conformal isometry between g p and g 2−p (Proposition 3.8) and that also conformally relates their curvature tensors.
3.1.
Conformal deformations and the Levi-Civita connection. Our first observation is a characterization of the generalized Calabi metric
Proposition 3.1. Let f : M → R be a smooth function. Let ∇ f denote the Levi-Civita connection of e 2f g E , and suppose that ∇ f g = 0, where g denotes the tautological vector field g → g on M. Then f (g) = − 1 2 log V g + C for some constant C.
Proof. First, note that ∇ gE g = n 4 δ, where δ is the Kronecker tensor. This follows easily from the formula for the Levi-Civita connection of g E [15, (4.1)],
where h and k are any vector fields on M and
so ∇g = 0 is equivalent to
Plugging in h = g shows that ∇ gE f is proportional to g; and by inspecting the equation again then necessarily − 
Since, by the proof above, g is the gradient vector field of 2 log V with respect to g N , we have the following corollary, which will prove crucial in integrating the geodesic equation for g N in §4.
Corollary 3.2. The Hessian of log V satisfies
In particular, log V is linear and V is either strictly monotone or constant along g N -geodesics.
By the above corollary, if g(t) is a g N -geodesic and (V g(t) ) t (0) = 0, then V g(t) is constant. This gives the following fact.
As Corollary 3.5 below will imply, the above statement is true for g p only when p = 1. In particular, it is false for the Ebin metric.
By using the Koszul formula (or else by using (5) and the known expression for ∇ gE ), one can directly compute the Levi-Civita connection of g N for constant vector fields h, k to be
It is torsion free (symmetric in h and k), and one checks directly that it is metric compatible, hence it is the Levi-Civita connection.
It is well-known that along g E -geodesics the volume is quadratic [18] . This is explained by the following Lemma and Corollary, which are in a similar vein to Corollary 3.2.
Proof. By (5) and (6) for constant vector fields h, k,
Thus,
Corollary 3.5. Along unit-speed g p -geodesics g(t), V 1−p grows quadratically (p = 1),
where
In particular, V g(t) converges to 0 (if p < 1) or to ∞ (if p > 1) in finite time precisely along constant conformal directions, i.e., if g t (0) = λg(0) for λ ∈ R and λ negative (if p < 1) or positive (if p > 1). Also, along a unit-speed g p -geodesic,
The last equation provides an integral for the geodesic flow of g p which allows solving the geodesic equation explicitly, in the spirit of the work of Freed-Groisser. This will be carried out for g N using Corollary 3.2 in §4.
3.2.
Conformal deformations and curvature. Our main purpose in this subsection is to study which conformal deformations of g E still have non-positive curvature. The next result shows that there is precisely one metric of the form g E /V p , besides g E itself, whose curvature is nonpositive-it is also the unique such metric with curvature conformal to that of g E -and this characterizes the second Ebin metric
among all conformal deformations that depend on the volume. Moreover, the curvature of g 2 = g E /V 2 is conformal to the curvature of g E ,
and this property characterizes g 2 , up to scaling, among all conformal deformations e 2f g E with f : M → R a smooth function depending only on V g .
In the proof we make use of the following computation:
The curvature tensor of g p is given by
where g ♭p is the 1-form dual to the tautological vector field g with respect to g p and ∧ denotes the Kulkarni-Nomizu product. Let h, k be tangent vectors that are orthonormal with respect to g p . The sectional curvature of the plane R{h, k} is
Proof of Proposition 3.7. The formula for the curvature under the conformal change
and this applies in infinite dimensions as can be verified from its proof. (Note that our convention is
Assume first that p = 1. We claim that
To see this, compute using the formula ∇ gE h g = n 4 h (cf. the proof of Proposition 3.1) and the metric property of ∇ gE to deduce
To conclude the proof, note now that (10) we thus obtain
, and so (9) follows.
and analogously to the proof of (9), we may compute
Suppose now that sec g f = e 2f sec gE . Then considering directions h, k tangent to M µ gives that f ′ + V (f ′ ) 2 = 0, from which it follows that either f = − log V + C, i.e., g f = e 2C g E /V 2 , or else f ′ = 0, i.e., g f = e 2C g E .
3.3.
Conformal transformations and a duality map. By Proposition 3.7, g 2−p and g p have the same curvature tensor, up to a conformal factor. Here we observe that there is also a conformal diffeomorphism F : M → M that relates these two metrics, so they are in fact isometric, and in this sense g 2 does not provide a new geometry compared to g E . Consider the map
Hence, a careful computation shows that
To summarize, we have:
It is interesting to note that using this result one obtains rather effortlessly the solution of the geodesic equation for g 2 , building on the much simpler one for
. In fact, a direct solution of the g 2 geodesic equation using the fact that the inverse of the volume is quadratic (Corollary 3.5) is substantially more involved.
Remark 3.9. If φ is a positive differentiable function, and
Hence, the only such map F that is an isometry between g E and any g p is given by Proposition 3.8.
Geometry of the generalized Calabi metric
In this section, we study the geometry of the metric g N in more detail. In the first subsection we solve its geodesic equation for any given initial data. In the second subsection, we compute the sectional curvature, and examine the extrinsic geometry of certain submanifolds in the spirit of [13] , showing that the Riemannian analogues of the space of Kähler metrics are totally geodesic. These spaces are naturally isometric (via the Calabi-Yau Theorem) to the usual spaces of Kähler metrics. These facts, together with the explicit formula for geodesics, give a precise meaning to the statement that g N generalizes Calabi's geometry on the space of Kähler metrics. 4.1. Geodesics. From (6) we obtain the geodesic equation for (M, g N ),
where δ denotes the Kronecker tensor corresponding to the identity matrix. The last two terms are the new terms compared to the geoedesic equation for g E . Since they are non-local, the solution of the equation becomes substantially more involved and requires making use the 'constant of motion' of the geodesic flow found in (7) . The solution of the initial value problem for the geodesic equation is given by the following theorem. 
is given by the following.
Define σ := |(α, A)| N and
.
Here, we take the exponential term to be the identity if
, where t 0 is the infimum of θ(x) at points where A(x) = 0. (We take the infimum to be ∞ if there are no such points.) In the case where the geodesic exists for only finite time, it approaches a limit point on the boundary of M ⊂ Γ(S 2 T * M ) as t → t 0 ; i.e., µ g(t) (x) → 0 for at least one point x ∈ M . Remark 4.2. Theorem 4.1 gives a precise meaning to the statement that g N generalizes Calabi's geometry on the space of Kähler metrics. Indeed, on the level of volume forms, Calabi's geodesics in the space of Kähler metrics (or, via the CalabiYau Theorem, on the space of volume forms with total volume v) are given by
where (dV g(0) ) t = GdV g(0) [13, Remark 5.7] . On the other hand, in proving (15) one shows that the volume forms along g N -geodesics satisfy an equation of a similar form-see (27)-and the two equations can actually be shown to exactly coincide when A ≡ 0 and a 0 = 0 by using trigonometric formulas and carefully identifying the integration constants.
Before we give the proof of this theorem, let us point out a contrast to the Ebin metric. Like the case of g E (cf. [18, §2] ), geodesics in (M, g N ) exist for all time if A(x) = 0 for all x ∈ M . However, the converse of this statement also holds-if A(x) = 0 for some x ∈ M , then the geodesic only exists for finite time-unless b 0 = 0. (In the case of g E , this happens only when there is a point where A(x) = 0 and (α/µ 0 )(x) < 0.) Note also that, as in the case of the Ebin metric, any conformal class-a submanifold of the form Pg with g ∈ M-is totally geodesic, as can be seen from Theorem 4.1 by putting A ≡ 0.
We will solve the geodesic equation in the following subsections, beginning with general considerations and then considering various special cases.
4.1.1. The general case. We let C := g −1 g t and decompose into pure trace and traceless parts: C =: E + f n I, with tr E = 0, i.e., f = tr C. From (14), we obtain the pair of coupled equations
and
where σ = |g t | N , which is constant since g is a geodesic. The last term in the first equation and the last two terms in the second equation are new compared to the unnormalized metric. The following relations hold between E, f , and data related to the splitting
h, where µ g = dV g and h ∈ M µ 0 , i.e., h is the unique metric conformal to g with dV h = µ 0 . Then
). Hence, by Corollary 3.2, this quantity is constant along g(t). So defining
we have φ = f − a 0 and φ t = f t . Now, note that
Using this, together with the considerations of the previous paragraph, we can rewrite (16)- (17) in terms of φ,
Note that
(so tr(E 2 ) = exp
Hence, differentiating (20) yields
and substituting for tr(E 2 ) using (20) we obtain
We now let
It follows that 2p t /p = 2(µ g ) t /µ 0 − a 0 = φ. Thus, the left-hand side of (21) equals 8p ttt /p, hence p satisfies
Let
Note that b 0 is well-defined, since σ = |g t (0)| N and so
where the second inequality is Cauchy-Schwarz. Note that the first inequality is an equality if and only if E(0) ≡ 0, and the second inequality is an equality if and only if f is constant. Therefore, b 0 = 0 if and only if g t (0) = λg(0) for some λ ∈ R. Now, integrating (23), we have
for some C ∈ R. It follows that
By (22), then,
We now consider the initial value data needed to determine the constants of integration. Note that (22) implies that p(0) = 1 and p t (0) = α/µ 0 − a 0 /2.
To determine p tt (0), we first use that φ = 2p t /p to see that on the one hand,
On the other hand, we see by (20) and the fact that f (0) = 2α/µ 0 that
where q := α/µ 0 − a 0 /2 and r := n 4 tr (g(0) −1 A) 2 . This gives all the information needed to solve for µ g /µ 0 in the individual cases. To solve for h, we must use (19) and the fact that φ = 2p t /p to see that
We now give the solution of the geodesic equation for each special case.
4.1.2.
The case b 0 = 0. In this case, we have a 0 = σ √ n and g t (0) = λg(0) for some λ ∈ R, as noted after (24) . Therefore, A ≡ 0 and q ≡ 0 ≡ r, implying p t (0) ≡ 0 ≡ p tt (0). This gives, in light of (26), C 1 = 0 = C 2 , and C 3 = 1. Thus, µ g /µ 0 = e σ √ nt/2 by (27), and h(t) = g(0) by (28). The solution of the geodesic equation in this case now follows.
4.1.3.
The case b 0 = 0, A(x) = 0. Here, (26) implies that
and thus
As in the previous case, since A(x) = 0, (28) gives h(t) = g(0), so the solution of the geodesic equation in this case follows.
It remains only to determine the domain of definition of g(t). The equation (15) implies g(t) is a smooth Riemannian metric unless the coefficient of g(0) in that equation vanishes at some point x ∈ M , which happens if and only if p(t, x) = 0.
To see when this occurs in the case we are considering, set a := cos(b 0 t), so that sin(b 0 t) = ± √ 1 − a 2 . Setting p(t, x) equal to zero then leads to the quadratic equation
Plugging the solution cos(b 0 t) = a = 
We also note that p(t, x) is periodic in t, is zero for exactly one value of t in each period, and is positive for t = 2πk/b 0 . Therefore, p(t, x) is nonnegative for all t.
4.1.4.
The case A(x) = 0. Similarly to the last case, we can compute the constants C 1 , C 2 , and C 3 to find
Either by integrating (28) or directly verifying that the following solves that equation, one sees that in this case,
Using the sum formula for arctangent and the half-angle formula for tangent, we can write this more elegantly as
As in the last case, (15) implies that g(t) is a smooth Riemannian metric unless the coefficient of g(0) is nonpositive. We claim that in this case, p(t, x) > 0 for all t, implying the coefficient is always positive at x. To see this, we write
Since r > 0 in this case, the first term (involving r) is always nonnegative, and it is zero exactly when t is an integer multiple of 2π/b 0 .
On the other hand, the second term (involving q) is formally exactly the same as p(t, x) from the previous case. In particular, it is always nonnegative, and is zero exactly for those values of t given in (29). But this shows that when the first term is zero, the second term is positive, and vice versa. Therefore p(t, x) > 0 for all t.
Finally, to be precise, we must specify the branch of arctangent for various ranges of t in (31). That entails determining when the argument of arctangent in (31) becomes unbounded, and so we begin by finding when the denominator is zero. Again substituting a := cos(b 0 t) and setting the denominator equal to zero leads to the quadratic equation
which has solutions a 1 =
and a 2 = −1. These two solutions coincide if q = 0, and if q = 0, then the argument of arctangent in (31) approaches r/q as t → π = cos −1 (−1). Therefore the argument remains bounded in this case, and so we are only interested in a 1 . Substituting cos(b 0 t) = a 1 and sin(b 0 t) = ± 1 − a 2 1 into b 0 + b 0 cos(b 0 t) + q sin(b 0 t) = 0 shows that in this case, sin(b 0 t) must be negative if q > 0 and positive if q < 0. Note also that as b 0 t approaches a 1 from below, the argument of arctangent in (31) approaches +∞. Thus, the branch of arctangent jumps as t approaches the values
Since p(t, x) > 0 for all t, the integral t 0 p(s, x) −1 ds is strictly increasing; therefore, the branch of arctangent in (31) "jumps upwards" at each value of t in (32).
This completes the analysis of the final case in Theorem 4.1.
4.2.
Curvature and relation with Calabi's space of Kähler metrics. We next restate Proposition 3.7 in the case p = 1.
Theorem 4.3. The curvature tensor of g N = g E /V is given by
where g ♭ is the 1-form dual to the tautological vector field g with respect to g N . Let h and k be unit tangent vectors with (h, k) N = 0 and |h| 2 N = |k| 2 N = 1. The sectional curvature of the plane R{h, k} is
A conformal class Pg is totally geodesic (put A ≡ 0 in (15)). However, unlike the Ebin metric, it is no longer flat, and its curvature now changes sign. Furthermore, since sec gE is nonpositive [18, Corollary 1.17], the sectional curvature of g N is bounded above by ; in fact, these notions coincide for Riemann surfaces, while in higher dimensions, using the CalabiYau Theorem [26] , H is isometric to Pg ∩ M v [13, §4.2]. Now, H is not totally geodesic in (M, g E ) [13, §3] . Yet it has constant positive curvature in the induced metric. This geometry on H is called Calabi's geometry [4, 5] (see also [6, 13] ). The following corollary describes another sense (in addition to Theorem 4.1) in which g N generalizes Calabi's geometry on the space of Kähler metrics. It is one of our motivations in introducing the metric g N . In fact, for p = 1 and m = 1, H ⊂ M is the intersection of the totally geodesic submanifolds M v (cf. Corollary 3.3) and Pg.
In other words, g N equips M with a geometry for which the "Riemannian Kähler spaces" Pg ∩ M v (which are isometric to H) are totally geodesic portions of spheres, and in this sense extends Calabi's geometry to the whole of M. 
However, by adapting the proof of [13, Proposition 3.1], one may readily show that this space is no longer totally geodesic for p = 1. In a related vein, but with a little more work, one may also show that H is no longer totally geodesic for g N when m > 1.
The distance functions and the metric completions
In this section, we analyze the distance function d p of g p , especially in comparison with the much better-studied distance function d E of the Ebin metric. These distance functions are defined in the usual way as the infimum of lengths of piecewise differentiable curves between two points.
Our main result gives one further way that the metric g N is distinguished among the family considered in this article. Namely, the (metric) completion of (M, d N ) is strictly smaller than that of any other d p . In fact, we will see that for each p, the completion of (M, d p ) is given by a quotient of the space of symmetric (0, 2)-tensors that are measurable (as sections of S 2 T * M ) and positive semi-definite. (The quotient is given by identifying tensors that agree wherever they are positive definite; equivalent tensors may disagree over a set where they are not positive definite.) However, if p = 1, then the completion consists only of such tensors with finite, positive total volume. If p < 1, the completion contains a point representing all such tensors with zero volume, and if p > 1, the completion contains a "point at infinity". (For precise statements, we refer to §5.3.)
In the process of proving the completion result, we will show that d E and d p , for p = 1, are equivalent on subsets of metrics with fixed bounds on their total volume ( §5.2). It turns out that d E and d N are also equivalent on such subsets, but only locally (i.e., on small metric balls). While we suspect d E and d N are inequivalent when considered on the entirety of such a subset, we have no proof of this fact as yet.
5.1. The metric completion. To state the result about the completions of (M, d p ) in each of the cases mentioned above, we must introduce some notation.
Definition 5.1. We denote by M f the set of measurable, positive-semidefinite sections g : M → S 2 T * M with finite total volume. That is, a section g ∈ M f if and only if its restriction to any coordinate charts is a measurable mapping between subsets of Euclidean space, g(x)(X, Y ) ≥ 0 for any x ∈ M and any X, Y ∈ T x M , and
Here, dV g is as usual given locally by √ det g dx 1 ∧· · ·∧dx n (which induces a nonnegative measure since g is measurable and positive semidefinite). We also define M f := M f /∼. The equivalence relation ∼ is defined by g ∼ h if and only if the following statement holds almost surely (up to a Lebesgue-nullset):
Remark 5.2. We note that the concept of a Lebesgue-nullset on a manifold, used in the above definition, is well-defined independently of a volume form as a set whose image under any coordinate chart is a Lebesgue-nullset in R n .
We can now state the result, which we will prove in the remainder of this section. In particular, (M, g N ) is strictly contained in (M, g p ) for all p = 1.
For p = 1, one can very heuristically view these completions as cones, where for p < 1 (resp. p > 1), metrics with zero (resp. infinite) volume are identified to a point. (Of course, there are other identifications occurring, so this picture is not very rigorous.) In the special, scale-invariant case p = 1, this cone is opened to a cylinder.
We begin proving the above theorem by showing the equivalence result mentioned at the beginning of the section.
5.2.
The (local) equivalence of d p and d E . In this subsection, we show that d p and d E are equivalent metrics-as long as p = 1-on any subset of M satisfying an upper and lower bound on the total volume of any element in the subset. Furthermore, we will show that for any p, they are equivalent on small balls (of some uniformly positive radius) in such subsets. To do so, we first show that the function sending a metric to its total volume is continuous on (M, d p ) for any p. This allows us to prove the uniform local equivalence for any p mentioned above. Following that, we state a result that, in particular, implies that subsets of metrics with certain bounds on their total volumes have bounded diameter with respect to both d p and d E , for p = 1. (It is at this point that the proof fails for p = 1; however, we do not yet know whether p = 1 is an essential assumption.) A simple metric space argument then gives the global equivalence on the subsets we are considering.
We begin this process with the following lemma, which was inspired by [21, §3.3] and generalizes [9, Lemma 12] .
In particular, the function g → V g is continuous on (M, d p ) .
Proof. Let γ(t), t ∈ [0, 1], be any path from g to h, and define k(t) := γ t (t). We compute
where we have used Hölder's inequality in the second line. Let k 0 (t) denote the trace-free part of k(t). By the orthogonality of traceless and trace-free matrices in the Hilbert-Schmidt product A, B = tr(AB T ), and since
Applying this to (35) gives
Now, let p = 1. We estimate
Since this inequality holds for all paths from g to h, and we can repeat the computation with g and h interchanged, it implies the result for p = 1. The case p = 1 follows analogously to (36) if one begins with the quantity log(V h ) − log(V g ) on the left-hand side.
The following is an immediate corollary, and hints at the completions described in the introduction to this section.
Lemma 5.4 also yields the following comparison between d p and d E .
Proof
Let g, h, and δ be as above, let 0 < ǫ < δ be arbitrary, and let {γ(t)} t∈[0,1] be any piecewise differentiable path connecting g and h that satisfies
Thus we may estimate
Since L E (γ(t)) < d E (g, h) + ǫ and ǫ was arbitrarily small, this proves statement (1). Statement (2) is then proved completely analogously.
Since g p is, as discussed in §2, a weak Riemannian metric, the distance function d p does not a priori induce a metric space structure on M (as it is not a priori positive definite; the other metric space axioms are automatic). In fact, there are examples (e.g., due to Michor-Mumford [20, 21] ) of weak Riemannian manifolds with induced distance between any two points zero. However, it has been shown [9, Theorem 18] that d E does induce a metric space structure on M, and so Corollary 5.6 gives:
We now give a proposition that estimates d p from above in a way that is, at least in spirit, converse to Lemma 5.4. This proposition allows us to bound the distance between two metrics based only on their total volumes and the intrinsic volumes of the set on which they differ. A direct consequence is a diameter bound for subsets of metrics satisfying a bound on their total volumes. Proposition 5.8. Suppose that g, h ∈ M, and let E := carr(h − g) = {x ∈ M | g(x) = h(x)}. If p = 1, then there exists a constant C(p, n), depending only on p and n = dim M , such that
Vol(E, h) .
In particular, let 0 < v < ∞. Then if p < 1, we have
Since the proof of this proposition is rather lengthy, we postpone it to the Appendix.
Corollary 5 Proof. Let g, h ∈ M v,v ′ .
Corollary 5.6 implies that there exist ǫ > 0 and 1 ≤ η < ∞ such that if either
On the other hand, let d E (g, h) > ǫ; then the preceding paragraph gives d p (g, h) > η −1 ǫ. Furthermore, Proposition 5.8 implies that there exists D < ∞ such that the diameter of M v,v ′ is at most D with respect to both d p and d E , so we also have
,
This completes the proof.
5.3.
The completion of (M, d p ). Using these results, together with the characterization of the completion of (M, d E ) in [10] , we can prove 5.3. First, though, we need to recall the completion of (M, d E ), as determined in [10] . This requires some background discussion.
Definition 5.10. Let M x := S 2 + T * x M denote the set of positive-definite (0, 2)-tensors at x ∈ M ; its tangent spaces are given by T a M x ∼ = S 2 T * x M . Define a Riemannian metric ·, · on M x by b, c a := tr(a −1 ba −1 c) det(g(x) −1 a), wherẽ g ∈ M is any fixed reference metric.
Let d x denote the distance function of ·, · on M x . Define a metric (in the sense of metric spaces) on M by
It is not hard to see that Ω 2 is indeed a metric, and one can show that it does not depend on the arbitrary choice ofg (see [12] ). The completion of (M x , d In fact, we have the following theorem, which in particular says that, like curvature and geodesics, the distance between points (and in a sense the completion) of (M, g E ) can be computed "fiberwise". 
Using the (local) equivalence of d E and d p , as well as the completion of (M, g E ) as a basis for comparison, we can now prove Theorem 5.3.
Proof of Theorem 5.3. We begin with general arguments. Following that, we treat the specifics of each of the three cases.
Let {h k } be a d p -Cauchy sequence. By Corollary 5.5, {V h k } converges either to a nonnegative real number or infinity. Let's assume that it converges to a positive number. Then there exist 0 To see that this induces a well-defined mapping from a subset of the completion (M, d p ) to M f + , we must show that if {h k } and {h k } are d p -Cauchy sequences with positive volume in the limit and lim k→∞ d p (h k ,h k ) = 0, then {h k } and {h k } Ω 2 -converge to the same element h ∈ M f + . But in this case there exist 0 <ṽ ≤ṽ ′ < ∞ such that {h k } and {h k } both lie in Mṽ ,ṽ ′ , so this is implied by Corollary 5.6 and Theorem 5.11.
On the other hand, the same argument, with the roles of d E and d p reversed, shows that if {h k } is a d E -Cauchy sequence with lim k→∞ V h k > 0, then {h k } is d p -Cauchy. Therefore, the mapping from this subset of (M, d p ) to M f + is surjective.
To see that the mapping from this subset of (M, d p ) to M f + is injective, we must show that if {h k } and {h k } are Cauchy sequences with positive volume in the limit and lim k→∞ d p (h k ,h k ) = 0, then the Ω 2 -limits of {h k } and {h k } differ. But as in the proof that the mapping is well-defined, this follows from Corollary 5.6 and Theorem 5.11. Now, consider the case p = 1. Here, Corollary 5.5 implies that all Cauchy sequences have positive volume in the limit, so the preceding arguments suffice for this case.
If p < 1, the only remaining d p -Cauchy sequences {h k } are those for which lim k→∞ V h k = 0, again by Corollary 5.5. To complete the proof of the theorem, we must show that if {h k } and {h k } are two such sequences, then lim k→∞ d p (h k ,h k ) = 0. But this follows from Proposition 5.8.
The case p > 1 follows from the case p < 1 using the isometry of Proposition 3.8.
6.
Remarks and open questions 6.1. (Non-)Control over geometry via d p . In [11, Example 4.17] , it was shown that the metric d E is too weak to control, in any reasonable way, various geometric quantities associated to elements of M. That is, functions mapping a metric in M to its curvature, distance function, diameter, or injectivity radius are discontinuous, even in some weakened sense.
In fact, the same examples constructed in op. cit. for d E are also valid for d p . To see this, and make it precise, we give a result analogous to Proposition 5.8, with a statement weakened in order to handle the case p = 1. It only gives an upper bound on the distance between metrics that agree as tensors somewhere on M . On the other hand, if two metrics differ everywhere (the generic case), this proposition gives no information.
Proposition 6.1. Suppose that g, h ∈ M, and let
Then there exists a constant C(n), depending only on n = dim M , such that
The proof of this proposition is postponed to the Appendix. In op. cit., taking M = T 2 , the two-dimensional torus, several examples of sequences {h k } ⊂ M with the following properties were constructed:
• dV h k = dV h for all k ∈ N, where h denotes the standard flat metric on T 2 (with both radii equal to 1); • for each k ∈ N, there exists a set U k ⊆ M with h k = h off of U k ; and
The above properties imply, by Proposition 6.1, that d p (h k , h) → 0. Furthermore, various sequences with the above properties were constructed so that, depending on the sequence,
• no curvature quantity of (M, h k ) converges to the corresponding quantity for (M, h), even off of some small-measure subset; • the distance function induced on M by h k does not converge to that of h, either in the Gromov-Hausdorff sense or some sense relevant to metricmeasure spaces; • diam(M, h k ) does not converge to diam(M, h); or • the injectivity radius of (M, h k ) does not converge to that of (M, h), either as a function of M off of some small-measure subset, or taking the infimum of this function.
Since these examples apply to d p , it seems the advantage of d p , when considered in the context of convergence of Riemannian manifolds, is that it eliminates collapse of the metrics over the entire manifold if p = 1.
To the best of our knowledge, it remains an open question to find a simple Riemannian metric on M with a distance function that offers some control over the geometry of elements of M-for instance, one for which convergence with respect to the distance function of the Riemannian metric implies Gromov-Hausdorff convergence (or some other synthetic-geometric convergence). While this is certainly the case for Sobolev H s metrics when s > n/2 (cf. [15, p. 20] or [2] ), it might be the case that there are simpler Riemannian metrics with this desirable property. (Compare [21, 20] for analogous examples of this in the setting of submanifold geometry.) 6.2. The exponential mapping of g N . It is possible, though a bit tricky (see the next two subsections), to see that the exponential mapping of g N is surjective onto any conformal class, but not onto all of M. This is also true for the Ebin metric. It would be interesting to find a Diff(M )-invariant geodesically convex Riemannian metric on M, that is, one for which geodesics exist between any two points. However, at this point the authors know of no such metric. Indeed, the completion of the set V v of smooth volume forms with fixed total volume v = Vol(M, g) is isometric to a section of a sphere in a Hilbert space when endowed with the metric induced from the Ebin metric via the map i µ (2) [13, §4.4]. In particular, one can deduce that the exponential mapping of V v is a diffeomorphism from a subset of T ν V v onto V v for any ν ∈ V v .
Consider now the set Pg ∩ M v = {h ∈ Pg : Vol(M, h) = v}. Since the metric induced by g N on Pg ∩ M v is equal (up to a factor 1/v) to the Ebin metric, and i µ induces a diffeomorphism between Pg ∩ M v and V v , one also sees that the exponential mapping at g of (Pg ∩ M v , g N ) is a diffeomorphism when restricted to the appropriate domain. Furthermore, as noted above Remark 4.5, Pg ∩ M v ⊂ M and Pg ⊂ M are totally geodesic. Therefore, the exponential mapping of (M, g N ), restricted to vectors tangent to Pg ∩ M v , coincides with that of (Pg ∩ M v , g N ).
Now, let notation be as in Theorem 4.1, and let {g(t)} t∈[0,1] be any geodesic emanating from g(0) = g with initial tangent vector (α, 0), where a 0 = 2 v M α = 0; that is, (α, 0) is tangent to Pg ∩ M v and Vol(M, g(t)) = v for all t. Let us now consider the geodesicg(t) emanating from g(0) with initial tangent vector (α + λµ 0 , 0), where λ ∈ R. One then computes that under this change, a 0 becomes 2λ, but b 0 , q, and r do not change. Examining (15) , then,g(t) = e λt/n g(t). Since Pg = R >0 ·(Pg∩M v ), one deduces that exp g is a diffeomorphism from an appropriate domain in T g (Pg) onto Pg.
We now investigate the lengths of each piece of g k,s separately, starting with that ofĝ k,s . We first compute L(ĝ k,s ) = Since f k,s (x) ≤ 1 for all x ∈ M it follows that V f k,s ((1−t)g+th) ≤ V (1−t)g+th . Additionally, since f k,s (x) = s > 0 for all x ∈ M and f k,s ≡ 1 on E, we have V f k,s ((1−t)g+th) > Vol(M \ E, (1 − t)g + th). 
For each fixed t, one can see that the first term in the above goes to zero as k → ∞ followed by s → 0. Additionally, by our assumption on the sets F k , the second term in (42) goes to zero as k → ∞ for each fixed t (it does not depend on s at all). Since t only ranges over the compact interval [0, 1] and all terms in the integrals depend smoothly on t, both of these convergences are uniform in t. 
Combining (41), its analogue forg k,s , and (43), together with lim k→∞ V E p,g = V E p,g (and similarly for V E p,h ), gives the desired estimate.
Proof of Proposition 5.8. The proof is divided into three cases: p ≤ 0, 0 < p < 1, and p > 1. First, let p ≤ 0. In this case, the result follows from Proposition 6.1, since max{V 
Assume n ≤ 3. Then 
where the last line follows since p < 1 and n ≤ 3. Now, assume n ≥ 4. On F k , we have f k,s ≡ s, so we may carry out the same estimate as above (which, at least on F k , does not depend on (45)) to obtain
Vol(F k , g)
dt.
(47) Since, in this case, n 2 − 2 ≥ 0, the fact that f k,s ≤ 1 implies ((1 − t) + tf k,s ) n 2 −2 ≤ 1. Also, since f k,s > 0, we have that 1 − f k,s < 1. Using these facts, together with (44), The second term on the right-hand side of the above expression can be estimated from above by
(1 − (1 − s)t)
−pn/2 dt.
The value of the integral in the above is finite for each fixed s > 0 and does not depend on k. Furthermore, by our assumptions on the sets E and F k , the above expression goes to zero as k → ∞. Combining this fact with (46) and (47) shows that for any n, lim
Vol(E, g).
A similar estimate holds for L(g k,s ), and we can show exactly as in the proof of Proposition 6.1 that lim s→0 lim k→∞ L(ḡ k,s ) = 0. This completes the proof for 0 < p < 1. Finally, let p > 1. In this case, we use the isometry F from Proposition 3.8 and the result for p < 1 to see
F (h) Vol(E, F (h)) .
Recalling that V F (g) = V −1 g and noting that Vol(E, F (g)) = V −2 Vol(E, g) (and similarly for F (h)) then leads to the result.
